Spectral Asymptotics for Hill's Equation near the Potential Maximum

Hypotheses and General Facts on Periodic Schrodinger Operators
In this note we are interested in the spectrum near the potential maximum of a one-dimensional semiclassical Schrodinger operator (1.1) P:=P(h):= -^-^.V(x).
where the potential V: IR i-> R satisfies the following hypotheses:
(Hi) V is real analytic,
V(x) <• 0 with equality exactly at the points 27rk, k C Z,
V"(0) < 0; without loss of generality we may assume V"(0) = -1.
It is well known that P is self adjoint with domain H^R) ^ {u ^ L^OR^U'.U" ^ LJR)} and that P is unitarily equivalent to the direct integral ® (1.2) J P.d^, CO, 1C where P^u = Pu on 5T| •= {u e H^lu^x^Tr) = e^^u^x) for k = 0,1,2}. So each Pĉ an be viewed as an selfadjoint, semibounded, elliptic operator on a compact manifold, that has therefore a pure point spectrum of the form In one dimension two bands do not overlap except possibly at their endpoints, otherwise they
are separated by open intervals, called gaps G,. Let -c^ {[i) denote the operator of translation by -27C, acting on the two-dimensional space of solutions of (P -[i}\i = 0, defined by (i^ (^i)u)(x) ^ u(x + 27i). Then we have the following simple criterion:
Former Results in Different Regions
The applicability of several methods, for instance the WKB-method, usually employed in the study of the spectrum of a semiclassical Schrodinger operator near some level ^i, is strongly governed by turning points, i.e. zeros x of V -^i. We will restrict ourselves to turning points in a complex neighbourhood of the period [0,27r] . When [i is negative and sufficiently small, we typically have real simple turning points, that is with V'(x ) f 0.
Here a classical particle has to change its direction, while the region beyond such a turning point is forbidden.
In view of different geometric situations, the study is roughly divided into the following regions for the energy level [i:
here the constants s^, s, and CQ are determined by the potential.
In case (l) there do not exist any real turning points, and therefore there is no obstruction to employ the standard WKB-method, such that we obtain that the gaps are of size 0(h°°), while the band lengths are of order of magnitude 0(h).
In case (ill) we have at least two real turning points b , b near 0. Since further turning points between b and b + 2n, would hinder a systematic study, we will exclude the corresponding ^i-regions. In other words, we assume that there is only one well I over the period interval:
This situation has been investigated by Harrell [Ha] , Simon [Si] and Outassourt [Ou] . We only mention here that [Ou] applies the method of the interaction matrix due to Helffer/ Sjostrand [He.Sj 1] in order to compute precise asymptotic formulas for the width B (h) of the p-th band, concretely XV -2 -(Clearly the same situation near the origin is given in the case of a double well potential V, recently studied by Gerard/Grigis [Ge,Gr] 
Weinstein/Keller [We,Ke] use this method in order to compute asymptotically a fundamental system of solutions of the Schrodinger equation and, with respect to which they determine the translation matrix, such that they obtain the beautiful formula
The role of the "~" is not quite clear, but it seems that their study is only valid up to the 
Formula for the Trace and Theorems
Our analysis will yield
Explanation of this formula:
*
The error term 0 e h ) is due to the method and uniform with respect to [i. here ^ = f/J^), and it can be shown that L = 0. It can be shown that
and
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We still have to take into account the different asymptotic behaviour of the F-function in the following regions:
(i) Let be \[i\ ^ Ch for C arbitrarily large, but fixed. Viewing here the F-function as a holomorphic function, that is real on the real axis, we have arg^f-1 --i^-')") = 0{^\
(ii) Let C be large enough. Then by the complex version of Stirling's formula we have in the region Ch <-|^| <; ^: arg[r(} -i^)] = ^(l -log( 1^1 )) + ^F(^). where F is the real part of a function, that is holomorphic and bounded in mz ^ p.
These observations allow it to simplify the phase of the cosine such that we get the following theorems:
Theorem I: Let C > 0 be arbitrarily large, but fixed. Then the spectrum of P in [-Ch.Ch] for h sufficiently small is the union of disjoint closed bands. Let ^r be defined as above
for [JL ^ [-Ch,Ch] .
If [i' lies in a gap, then the length of this gap is given by
-2^--2 h (^[(i*.^2])^.--. M^)} v " / J ' K'<
If ^f lies in a band, the length of this band iŝ (^[(,.^r]),o(^).
In ] for arbitrary ^ ( B,,, where [i'is given as above and C([i) is defined by (2.7).
The distance between the centers of two consecutive bands is:
Remark: If C is very large, we conclude from our remarks above -9^' l S(n) Furthermore, there exist a realvalued (formal) classical analytic symbol (4.6) F(t;h)=^fj(t)h.
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defined for t in a neighbourhood of 0, and a formal unitary Fourier integral operator U associated to the canonical transformation x, mapping functions defined microlocally in some fixed neighbourhood of (0,0) (in a sense that can be made precise by means of FBI-tranformations) to functions defined microlocally in some other fixed neighbourhood of (0,0) such that (4.7) U" 1 F(P;h)U = Pp.
In this equation F(P;h) is defined by a functional calculus based on Cauchy's integral formula such that both members may be considered as analytic pseudodifferential operators with symbols defined in a neighbourhood of (0,0) and hence are acting on functions defined microlocally in some fixed neighbourhood of (0,0). In view of the definition of f(P), when f is a holomorphic function near 0, we get for the Weyl-symbol of f(P) (4.14) o(f(P)) = f(P(x.^;h)) . 0(h 2 ).
Furthermore we may replace % by an h-dependent canonical transformation %rj, such that (4.14) F(P(x,^,h);h).%y=pQ+0(h 2 ).
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We apply this to action integrals, i.e. integrals of the form I M := J^dx, where the integration is taken over some closed not necessarily real curve in q"^). Let [i and [i' be related by (3.2) , and let p^ be the left hand side of (4.14). We then have (4.15) 2n\^ = Ip^) = Ip^) = l^') = ip (^) , Q(h2) = ^i^ 0(h 2 ), hence f^ =0. Transforming I M into an integral between turning points we verify (3.3).
Treatment of the Equation (P -(i)u = 0
We will now use the following special solutions of the equation (P,. -^')v = 0: With respect to our microlocal framework we see that u°, w°, u° and w° are defined microlocally in some ^'-independent neighbourhood fT of (0.0) and that they are uniform- We know that these u.^ are solutions of and that y,u^(x) = u^(-x) = u°(x), we obtain (5.6) u_^ = ru__, u^_ = ru^.
Hence it is enough to study u and u_.
According to the definition of u^ and the expression (4.9) defining U, we write formally Near XQ > 0 we can decompose u^ into the sum of two functions microlocally concentrated near y^ and y^_ respectively. Since (x,cp^(x,^)) lies on y"^, the first one is precisely that one, we obtain by writing down the stationary phase expansion of (5.7) associated to the critical point y^(x,^). Thus near XQ > 0 the contribution to u^ from a neighbourhood of Y^n n^ (xo) (where n^ is the projection (x,^) •-> x) is of WKB-form: 
Computation of the Translation matrix
First we remark that u^ and u__ are independent in the sense that the Wronskian satisfies: Recalling (5.2) and the fact that the matrix B is symmetric, we get (6.5) u^ = b^u^ + b^_.
So microlocally near y ^D n (I ) we have (6.6) u^=b^u^=b^u7;.
where in the last member we think of u as defined microlocally near y H 11" (I ).
Combining this with (6.2), we see that microlocally near y 0 IT (l ) (6.7) ^^^^Ti 11 --
The next work to do is to extend u further to the right, to a neighbourhood of 2n. Such an extension should be of the form (6.8) u^ = ti^u.^ + t^u^, = ST^U^ + ^u_ (near 27r).
Here the coefficient t is imposed by (6.2), and since from (6.6) ? = b,^t , we get by (5.2) (6.9) , . ^-^-.
" l l
The same considerations give Inserting finally (6.4) and (5.3) we verify (3.l).
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